In this paper, by means of a basic result concerning the estimation of the lower bounds of upper convex densities for the self-similar sets, we show that in the Sierpinski gasket, the minimum value of the upper convex densities is achieved at the vertices. In addition, we get new lower bounds of upper convex densities for the famous classical fractals such as the Koch curve, the Sierpinski gasket and the Cartesian product of the middle third Cantor set with itself, etc. One of the main results improves corresponding result in the relevant reference. The method presented in this paper is different from that in the work by Z. Zhou and L. Crown
Introduction and preliminaries
It is well known that Hausdorff measure is the most important notion in the study of fractals, and densities play an important role in the study of Hausdorff measure; see [1, [4] [5] [6] [7] 13] . The fractals that people are most interested in are s-sets, especially the self-similar s-sets; see [2, 3, [8] [9] [10] [11] [12] [14] [15] [16] [17] [18] [19] [20] [21] . The self-similar s-sets are also the simplest fractals. But computing the Hausdorff measure of this simplest class of fractals is still difficult. Especially for the fractals with their Hausdorff dimensions larger than 1, how to compute Hausdorff measure remains a challengeable problem.
The upper convex density, measuring the extent to which the s-sets concentrate, plays a major role in the developing of geometrical measure theory; see [7] . Recently, various authors studied the self-similar sets by virtue of the density properties; see [1] [2] [3] [4] [5] [6] [7] [12] [13] [14] [15] [18] [19] [20] . In [19] , Z. Zhou and L. Feng think that the concept of upper convex density provides a tool to look into the intrinsic properties of the fractals. They prove that the minimum value of the upper convex densities of the product of the Cantor set with itself, is achieved at the vertices.
In this paper, by means of a basic result concerning the estimation of the lower bounds of upper convex densities for the self-similar sets, we show that in the Sierpinski gasket, the minimum value of the upper convex densities is achieved at the vertices. In addition, we get new lower bounds of upper convex densities for the famous classical fractals such as the Koch curve, the Sierpinski gasket and the Cartesian product of the middle third Cantor set with itself, etc. One of the main results improves corresponding result in the relevant reference. The method presented in this paper is different from that in the work by Z. Zhou 
Note that the above supremum may just be taken over all subsets U in R n with x ∈ U and 0 < |U | ρ. 
where c is called the similar ratio. It was proved by Hutchinson (see [8] ) that given m 2 and contracting similarities 
It is not hard to see that for each k 1, 
In particular, x is called a simple-contracting-similarity fixed point of E, if there is an i ∈ {1, . . . ,m} such that
Let us recall the definition of vertex for a self-similar set in the plane. Let E ⊂ R 2 be the self-similar s-set for the IFS {S 1 , . . . , S m } satisfying OSC. If E can be generated by a solid polygon, then each vertex of the polygon is called a vertex of the self-similar set E. For example, the Sierpinski gasket S (see Fig. 1 in Section 3) is generated by a solid equilateral triangle ABC, so each vertex A, B or C of the triangle is called a vertex of the Sierpinski gasket S. Similarly, the Koch curve K (see Fig. 2 in Section 3) is generated by a solid triangle ABP having angles of 120 • , 30 • and 30 • , so each vertex A, B or P of the triangle is called a vertex of the Koch curve K .
Note that any of the vertices of the Sierpinski gasket (see Fig. 1 in Section 3) or the Sierpinski carpet C × C (see Fig. 3 in Section 3) is a simple-contracting-similarity fixed point of the fractal. 
(1.5)
A basic result concerning the estimation of the lower bounds of upper convex densities for the self-similar sets
In this section, we will present a basic result concerning the estimation of the lower bounds of upper convex densities for the self-similar sets. As a consequence, the elementary density bounds are obtained for the self-similar sets by means of this method. 
Proof. Without loss of generality, suppose that
is as in the assumptions of Lemma 2.1. Then for any integer k 1,
which can be obtained from the observation that
combined with the self-similarity (1.4), i.e.,
Thus, for any point x ∈ E and any integer k 1, there exist (i 1 , . . . , i k ) ∈ J k and a positive integer j k such that 
which is the desired result. 2
By using Lemma 2.1, we can easily obtain the following corollary. We will omit its proof. 
Then we see
which together with (2.1) and (1.5) implies that 
New lower bounds of upper convex densities for the famous classical self-similar sets
In this section, we will use Lemma 2.1 and some known results on Hausdorff measure of the self-similar s-sets to obtain new lower bounds of upper convex densities for some famous classical self-similar sets satisfying OSC at all of their points. Proof. Recall that the Sierpinski gasket S is the subset of R 2 obtained from a solid equilateral triangle ABC with the unit sides by dividing it into four equal sub-triangles by bisecting the sides, deleting the middle sub-triangle, and then iterating (see Fig. 1 ). On the sides of ABC, insert points F, G, H, I, D and E such that |AE| = |AF| = |BG| = |BH| = |CI| = |CD| = Fig. 4 
]). Then the lower bound of upper convex densities of C × C is as follows
Proof. Recall that C × C is the subset of R 2 obtained from a unit square ABCD by deleting all but the four corner squares (including their boundaries) of side length 1 3 , and then iterating (see Fig. 3 ). On the sides of BC, CD and DA of ABCD, insert points E, F and G, and H, respectively, such that |CE| = |CF| = |DG| = |DH| = 
where s = log 3 4. By the symmetry of C × C and the similar arguments, there exist three subsets U 1 , U 2 and
and moreover,
Thus, by Lemma 2.1, we have
Remark 3.1. In [19, Lemma 5] , the lower bound of the upper convex density at the vertex of C × C , the product of the Cantor set with itself, is
So, Theorem 3.3 improves the corresponding result on C × C in [19] .
On the minimum value of the upper convex densities of the Sierpinski gasket
In this section, we will use Lemma 2.1 to show that in the Sierpinski gasket, the minimum value of the upper convex densities is achieved at the vertices. Proof. Let S be yielded by the solid equilateral triangle ABC with the unit sides (see Fig. 4 ). Suppose that S is the attractor for the IFS {S 1 , S 2 , S 3 } and S 1 (A) = A. Let MN be an arc with radius x (0 < x 1), centered at the point A. Suppose that the arc MN intersects the sides AC and AB at M and N respectively. For conveniences, we call the intersection of the solid sector AMN and the Sierpinski gasket a sector with respect to S and A. First, we prove the following conclusion. 
Similarly, if U is any sector with respect to S and A with 1 8 |U | < 1 4 , then we see A ∈ U and U ⊂ (S 1 • S 1 )(S). So, we have (S −1
In general, if U is any sector with respect to S and A with 
Next, we will use Lemma 2.1 to prove the following conclusion.
Conclusion 4.2.
Let s = log 2 3. Assume that U is any sector with respect to S and A with 0 < |U | < 
